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Removing the Big Bang Singularity: The role of the
generalized uncertainty principle in quantum gravity
Reza Rashidi
Abstract The possibility of avoiding the big bang sin-
gularity by means of a generalized uncertainty princi-
ple is investigated. In relation with this matter, the
statistical mechanics of a free-particle system obeying
the generalized uncertainty principle is studied and it is
shown that the entropy of the system has a finite value
in the infinite temperature limit. It is then argued that
negative temperatures and negative pressures are pos-
sible in this system. Finally, it is shown that this model
can remove the big bang singularity.
Keywords The big bang Singularity; Generalized un-
certainty principle; Negative temperatures.
1 Introduction
The big bang singularity is a long standing issue appear-
ing in the standard theory of cosmology as well as infla-
tion theory (Hawking & Ellis 1973; Borde & Vilenkin
1994). Since the tensors involved in the Einstein equa-
tions there, diverge, it is widely believed that the pre-
diction of such a singularity within the framework of the
general theory of relativity is a signal that the physical
theory is not valid at this extreme condition. In fact,
it is expected that by approaching the big bang sin-
gularity the quantum effects become important and it
becomes necessary to apply a quantum theory of grav-
ity. Much effort has been made in the framework of
quantum theories of gravity to solve the problem of sin-
gularity. Scenarios from string theory and loop quan-
tum gravity being some of them (Kawai et al. 2006;
Gasperini & Veneziano 1993; Larsen & Wilczek 1997;
Bojowald 2001; Ashtekar, Bojowald,& Lewandowski
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2003). A quantum theory of gravity is originated from
the unification of general relativity and quantum me-
chanics. This unification can lead to a fundamen-
tal minimal length (Garay 1995; Jaeckel & Reynaud
1994), effect of which, in quantum mechanics, might be
described as a non-zero minimal uncertainty△x0 in po-
sition measurements. For example, string theory leads
to a minimal length which is effectively of the form of a
minimal position uncertainty (Amati, Cialfaloni, & Veneziano
1989; Maggiore 1993a,b). In this paper we are going to
investigate whether the appearance of a nonzero min-
imal uncertainty in position as an effect of quantum
gravity can remove the big bang singularity.
To generalize the uncertainty relation which implies
the appearance of a nonzero minimal uncertainty △x0
in position, one has to modify the commutation rela-
tion between the position operator and the momentum
operator. Such generalizations are not unique. For ex-
ample, one can take the commutation relation as
[X,P ] = ı~(1 + λ2P 2) (1)
(known as the Kempf-Mangano-Mann (K.M.M.) de-
formation (Kempf, Mangano, & Mann 1995)). Mag-
giore’s generalization is another example as following
(Maggiore 1994)
[X,P ] = ı~
√
1 + λ2(P 2 +m2c2) (2)
where λ is a very small length parameter. The first
commutation relation yields the generalization uncer-
tainty relation
△x△p ≥ ~(1 + λ2△p2) (3)
and the second relation also leads to (3) in an appro-
priate limit. A natural generalization of (1) in three
dimensions which preserves the rotational symmetry is
(Kempf, Mangano, & Mann 1995)
[Xi, Pj ] = ı~δij(1 + λ
2P¯ 2) (4)
2[Pi, Pj ] = 0 (5)
[Xi, Xj] = 2ı~λ
2(PiXj − PjXi). (6)
The last relation leads to a noncommutative geometry.
The statistical mechanics of free particle systems
obeying the generalized uncertainty principle leads to
many novel consequences (Brout et al. 1999; Lubo
2000a; Maggiore 1994). Rama has studied the sta-
tistical mechanics of Maggiore’s generalization in the
grand canonical ensemble approach (Rama 2001). He
has shown that there is a drastic reduction in the de-
grees of freedom in the high temperature limit. Some
aspects of statistical mechanics of K.M.M. generaliza-
tion have also been studied in the canonical ensemble
approach (Lubo 2000b).
In this paper we first study the statistical mechanics
of the systems of free ultra-relativistic particles obey-
ing K.M.M. deformation in the grand canonical ensem-
ble approach. We introduce some new statistical as-
pects of this generalization. The equation of state is
obtained and it will be shown that, in contrast to Mag-
giore’s generalization and conventional quantum statis-
tical mechanics, the entropy and the internal energy of
the system have finite values in the infinite temperature
limit. Then it will be argued that these results are actu-
ally the consequences of the fact that the total number
of accessible states for such a system is finite. There is
another well known system which behaves similarly. A
spin system such as a paramagnetic system has a finite
number of states and hence the entropy and the inter-
nal energy of the system take finite values as the tem-
perature tends to infinity (Greiner, Neise, & Stocker
1995; Pathria 1996). Another interesting property of
spin systems is possibility of negative temperatures. In
fact, the existence of negative temperature is an inte-
gral part of a system with a finite number of states
(Ramsey 1956). Then we argue that it is similarly
possible to have negative temperatures and, moreover,
negative pressures in a system of free particles obeying
the generalized uncertainty principle (3). It is impor-
tant to note that there is a difference between such a
system and spin systems. In spin systems the transla-
tional degrees of freedom of a system (i.e., coordinates
and momenta) are not taken into account, but only its
spin degrees of freedom are considered. But in our sys-
tem we do not eliminate such degrees of freedom and
this is the reason why negative pressures occur in such
systems and do not appear for spin systems. We also
obtain the equation of state in the negative temperature
region. Finally, we investigate the consequence of the
equation of state in the Friedmann equations and show
that this model can remove the big bang singularity.
2 The statistical mechanics
In this section we study the statistical mechanics of a
system of free ultra-relativistic particles confined in a
3-dimensional volume V obeying the generalized un-
certainty principle (3) by means of the grand canonical
ensemble.
In conventional quantum statistical mechanics where
λ = 0, due to the Heisenberg uncertainty principle,
the phase space is divided into cells of volume h3
where h is the Planck constant. This means that
the one-particle phase space measure is given by h−3
and therefore each integral on the phase space will
be of the form
∫
d3xd3ph−3(✷). Consequently, as it
has been shown in (Chang et al. 2002) for particles
obeying the generalized uncertainty principle (3), the
phase space should be divided in to cells of volume
h3(1 + λ2p2)3 and thus phase space integrals are of the
form
∫
d3xd3ph−3(1 + λ2p2)−3(✷).
To calculate the grand canonical partition function
of a non-relativistic ideal gas in the conventional quan-
tum mechanics, the sum over all one-particle states, for
a large volume, can be rewritten in terms of an integral
as
∑
~n
−→ V
(2π)3
∫
d3k =
2πV
h3
(2m)3/2
∫
E1/2dE
=
∫
d3xd3p
h3
, (7)
where ~k = πL(nx, ny, nz), E =
~
2
2m
~k2 and for the last in-
tegral E = ~p2/2m was applied. This calculation shows
that the phase-space measure h−3 can be automatically
obtained when we evaluate the large volume limit of the
sum over quantum states (Greiner, Neise, & Stocker
1995). Therefore, the aforementioned consideration,
concerning the phase-space measure for particles obey-
ing the generalized uncertainty principle, becomes more
justifiable if we prove that the integral on the phase
space with the measure h−3(1 + λ2p2)−3 is the large
volume limit of the sum over the quantum mechanical
states. To show this, for simplicity we consider a mas-
sive and non-relativistic particle obeying K.M.M. de-
formation in a one dimensional box. First note that in
this case the definition of a box in xˆ-space is impossible
because the position operator xˆ is no longer self ad-
joint (Kempf, Mangano, & Mann 1995) and then the
representation of a potential corresponding to a box
with exact positions for its walls in xˆ-space is not pos-
sible. From a physical point of view, it means that
3since we have a non-zero minimal uncertainty in posi-
tion the construction of a box with the exact wall loca-
tion in position space is impossible. But, as mentioned
in (Kempf, Mangano, & Mann 1995), one can define
a quasi-position space and consider a box in it. Now,
solving the Schro¨dinger equation with boundary condi-
tions corresponding to the box leads to the dispersion
relation
E(k) =
1
2mλ2
tan2(~λk) , k =
πn
L
(8)
where n is an integer and L is the length of the box
(Lubo 2000b; Kempf, Mangano, & Mann 1995). To
calculate the grand canonical partition function of an
ideal gas we have to determine the sum over n (all one-
particle states). But for a large volume, since △k =
π
L△n becomes very small, one can substitute the sum
over n with an integral as follows
∑
n
→ L
2π
∫
dk =
L
h
∫ √
2m
E
dE
(1 + 2mλ2E)
. (9)
For the last integral the dispersion relation (8) has been
used. Now, by substituting p2/2m = E in the last
integral we obtain
∑
n
→ L
2π
∫
dk =
∫
dxdp
h(1 + λ2p2)
. (10)
As one can see, the integral measure h−1(1 + λ2p2)−1
automatically appears after substituting the sum by the
integral.
It is clear that the effect of a nonzero minimal uncer-
tainty in position will be considerable in the high en-
ergy/temperature limit. Since in this limit the mass of
particles and the forces between them are negligible, we
can consider such particles to be free ultra-relativistic
particles in the high temperature limit. In the high tem-
perature limit one can assume that the particles obey
Maxwell-Boltzmann statistics. Thus, we have
lnZ = βPV =
∫
e−βEd3xd3p
h3(1 + λ2p2)3
(11)
where Z is the grand canonical partition function, β
is the inverse temperature, P is the pressure, and E
is the eigen-value of the Hamiltonian of a free ultra-
relativistic particle (we assume that the chemical po-
tential µ is zero because the mass of an ultra-relativistic
particle is negligible as compared to its energy). Since
the Hamiltonian of a free particle isH =
√
P 2, its eigen-
values are of the form E =
√
p2x + p
2
y + p
2
z where px, py
and pz denote the eigen-values of the momentum oper-
ator. Then equation (11) becomes
lnZ = C
∫ ∞
0
E2e−βEdE
(1 + λ2E2)3
(12)
where C ≡ 4πVh3 . To obtain the partition function in
a closed form it is needed to evaluate integrals of the
form
Im,n(x, α) =
∫ ∞
0
tn(t2 + α2)−m/2e−xtdt. (13)
It is easy to see that (Rama 2001)
I2k,n(x, α) =
(−1)n+k−1
(k − 1)! (
d
dx
)n(
d
dα2
)k−1I2,0(x, α),
(14)
where
I2,0(x, α) =
1
α
(ci(αx) sin(αx) − si(αx) cos(αx)) (15)
and
ci(x) = −
∫ ∞
x
cos(t)
t
dt (16)
si(x) = −
∫ ∞
x
sin(t)
t
dt. (17)
Setting t = λE and x = β/λ in equation (12), it can be
shown that
lnZ = C
λ3
∫ ∞
0
t2(t2 + 1)−3e−xtdt =
C
λ3
I6,2(x, 1). (18)
Now we can calculate various thermodynamical quan-
tities such as the internal energy
U = −∂ lnZ
∂β
|z,V = C
λ4
∫ ∞
0
t3(t2 + 1)−3e−xtdt
=
C
λ4
I6,3(x, 1), (19)
where z = eβµ is the fugacity. Thus, the entropy be-
comes
S = β(U+PV−µN) = C
λ3
{I6,2(x, 1)+xI6,3(x, 1)}. (20)
To investigate the behavior of these thermodynami-
cal quantities in the high temperature limit x = βλ ≪ 1,
it is appropriate to expand them around x = 0. The
Taylor expansion of the partition function is
lnZ(x≪ 1) ≃ C
λ3
(
π
16
− 1
4
x+
3π
32
x2), (21)
4where terms of higher than second order are omitted.
Then for the internal energy and the entropy we have
U(x) ≃ C
λ4
(
1
4
− 3π
16
x), (22)
and
S(x) ≃ C
λ3
(
π
16
− 3π
32
x2). (23)
One can easily see that in the infinite temperature limit
the value of the internal energy and the value of the en-
tropy are finite. This is in contrast to Maggiore’s gener-
alization and conventional quantum statistical mechan-
ics. Although in the case of Maggiore’s generalization
there is a drastic reduction in the degrees of freedom,
in the infinite temperature limit the values of the inter-
nal energy and the entropy tend to infinity but slower
than that in the standard case (Rama 2001). From
equations (22) and (23) we have
U |β=0+ =
C
4λ4
, S|β=0+ =
πC
16λ3
. (24)
The physical origin of these finite values is that the vol-
ume of the phase space cells h3(1+ λ2p2)3 grows faster
than p2 such that the number of available cells always
remains finite. Moreover, at β = 0+ the derivative of
the entropy S with respect to the internal energy U is
zero since
dS
dU
|β=0+ = (
dS
dβ
dβ
dU
)|β=0+ = 0. (25)
In all ordinary systems where one considers the con-
ventional quantum relations and the kinetic energy of
the particles as a component of the internal energy,
there is no bound on the internal energy and on the
entropy in high temperature limit. As mentioned ear-
lier, similar situation may arise in a spin system where
the focus is only on the spin degrees of freedom and the
translational degrees of freedom are neglected. A spin
system, such as a system of interacting nuclear spins
and an ideal paramagnetic system, has upper bound
to its allowed energy and its total number of states is
finite. Therefore, it is easy to see that the internal en-
ergy and the entropy of such a system, in the presence
of an external magnetic field, approach finite values as
T → ∞. Also, the derivative of the entropy with re-
spect to the internal energy in high temperature limit
goes to zero (Greiner, Neise, & Stocker 1995; Pathria
1996; Reif 1985; Ramsey 1956). However, It should be
emphasized again that the above results are completely
novel because there is an important difference between
present case and a spin system. In contrast to spin
systems, we don’t eliminate the kinetic energy of the
particles in this case. On the other hand, spin systems
have another important property which is an integral
part of such systems. Since the total number of states
available to a spin system is finite, the number of possi-
ble states initially increases with increasing energy; but
then it reaches a maximum and decreases again. Thus
negative temperatures as well as positive temperatures
become possible (Greiner, Neise, & Stocker 1995; Reif
1985; Ramsey 1956). Since the behavior of a spin sys-
tem and a system of particles obeying the generalized
uncertainty principle are very similar in the high tem-
perature limit, the question arises whether such a sys-
tem can possess a negative temperature. We will argue
that the answer may be the affirmative.
From a thermodynamic point of view, a system can
have a negative temperature whenever the entropy is
not restricted to a monotonically increasing function of
the internal energy. At any point for which the deriva-
tive of the entropy with respect to the internal energy
becomes negative, the temperature is negative. This re-
quirement occurs when the energy levels of the elements
of the system have an upper bound. In other words, in
order to have a negative temperature the total number
of possible states must be finite. But in the system of
particles obeying the generalized uncertainty principle
which is the subject of the study in this paper, there is
apparently no bound on the energy levels. Nevertheless,
we show that, from a practical point of view, the total
number of states of such a system is finite and then it
is reasonable to set a cutoff on energy because a state
with a finite quantum number and an infinite energy
eigen-value is not a physical state and it is legitimate
to exclude it. Before studying the problem, note that
if such a cutoff on energy is large enough, our calcu-
lations will not be affected in the positive temperature
region because the integrand in (12), even by omitting
the Boltzmann factor e−βE, rapidly tends to zero at
infinity and taking the upper limit of integration to in-
finity, hence, becomes irrelevant.
Now again, it is useful to investigate a non-interacting
system of massive and non-relativistic particles obeying
K.M.M. deformation in a one dimensional space at the
beginning. As mentioned before, to calculate the one-
particle canonical partition function for a large volume
the sum over one-particle states can be substituted with
an integral as following
Z(β, L, 1) =
∑
n
e−βEn =
L
2π
∫
e−βE(k)dk, (26)
where n, En, k and L denote the quantum number,
the eigen-value corresponding to n, the wave number
and the length of the box, respectively and equation
(8) gives the relations between them. Now, if we allow
5the upper limit of the sum to tend to infinity, the wave
number k runs over the interval (−∞,+∞) and it is
easy to see that
Z(β, L, 1) =
L
2π
∫ +∞
−∞
e−βE(k)dk =∞, (27)
for every β. Although the partition function becomes
an indefinite quantity, one can definitely determine var-
ious thermodynamical quantities. For example, to cal-
culate the internal energy one can write
U(β, L,N) = N lim
R→∞
L
2π
∫ +R
−R
E(k)e−βE(k)dk
L
2π
∫ +R
−R
e−βE(k)dk
= N
L
2π
∫ + pi
2~λ
− pi
2~λ
E(k)e−βE(k)dk
L
2π
∫ + pi
2~λ
− pi
2~λ
e−βE(k)dk
<∞, (28)
where N is the total number of particles and in the last
term we have employed the fact that E(k) is a periodic
function of k with period π
~λ . Therefore, to avoid the
infinity appearing in (27) one can redefine the partition
function as
Z(β, L, 1) =
L
2π
∫ + pi
2~λ
− pi
2~λ
e−βE(k)dk
=
L
h
∫ ∞
0
√
2m
E
e−βEdE
(1 + 2mλ2E)
, (29)
which is finite for all β > 0. Then the internal energy
becomes
U(β, L,N) = −N ∂ ln(Z)
∂β
|L . (30)
It means that the cutoff on the wave number not only
eliminates the infinity of the partition function but
also leaves the thermodynamical quantities unchanged.
Without such a cutoff, the situation in the grand canon-
ical ensemble approach is worse because in that case
both the partition function and the internal energy
become infinity. In addition to the above approach,
one can argue that since there is a non-zero limit to
the precision of position measurements, the Fourier
decomposition of the quasi-position wave function of
physical states can not contain wavelength components
smaller than 4~λ which sets a cutoff on the wave num-
ber (Kempf, Mangano, & Mann 1995).
Consequently, from both physical and practical
points of view, it is necessary to consider a cutoff on
the wave number. In other words, to obtain physical
results it is enough to consider a finite number of states.
Furthermore, from equation (29) one can see that this
finite set of states covers the whole range of energy from
zero to infinity. Therefore, in calculation of partition
functions, taking the integral over the whole range of
energy, in fact, means a summation over a finite set
of states. Now, since the quantum number n is finite,
the dispersion relation (8) yields finite values for En
providing that L
~λ is not an integer. But even if
L
~λ be-
longs to the set of natural numbers, we should exclude
the state corresponding to E(nmax) = ∞ because this
single state which has a finite quantum number and
infinite energy is not accessible by finite energy and,
therefore, is not a physical state. However, we have
to note that for an isolated system the finiteness of the
total number of accessible states is enough to have nega-
tive temperatures because in this case the energy of the
system as a constraint has a fixed finite value and wor-
rying about the state possessing infinite energy value
is irrelevant. The cutoff on energy becomes important
whenever we deal with a system which is coupled to
a heat bath at temperature T because of the Boltz-
mann factor e−βEn . The above reasons show that a
non-interacting system of massive and non-relativistic
particles obeying K.M.M. deformation in a one dimen-
sional space is actually a system with a finite number
of states and a bound on its energy levels and thus it
can possess a negative temperature.
The situation in three dimensional space is similar
and one can see that negative temperature can occur
in a non-interacting system of ultra-relativistic particles
obeying K.M.M. deformation. To show this we consider
an isolated system with the total energy U , the volume
V and N particles; where U , V and N , all have fixed
values. Let Ω(U, V,N) be the number of different mi-
crostates which are consistent with this macro-state.
To calculate Ω it is convenient to initially consider the
total phase space volume as
ω(U, V,N) =
1
h(3N)
∫
∑
Ei≤U
d(3N)xd(3N)p∏N
i=1(1 + λ
2E2i )
3
, (31)
where Ei is the energy of the ith particle. Then we
have
Ω(U, V,N) =
1
N !
∂ω
∂U
, (32)
where 1N ! is the Gibbs correction factor. To show the
existent of negative temperatures we do not need to
calculate the above quantities explicitly. It is only suf-
ficient to show that Ω(U, V,N) is not a monotonically
increasing function of U because the entropy of the sys-
tem is directly proportional to lnΩ and, as mentioned
before, a system can have a negative temperature when-
ever the entropy is not restricted to a monotonically
increasing function of the internal energy. It is easy to
see that
lim
U→∞
ω(U, V,N) = (
∫ ∞
0
CE2dE
h3(1 + λ2E2)3
)N <∞. (33)
6This means that the total number of accessible states
is finite. Therefore, the limit of Ω(U, V,N) while U
tends to infinity is zero. Thus Ω(U, V,N) can not be a
monotonically increasing function of U . We should note
here that to avoid negative entropies and to preserve the
third law of thermodynamics we have to set a cutoff on
U wherein the value of Ω(U, V,N) becomes one.
Now to calculate the thermodynamical quantities for
negative temperatures by means of the grand canonical
ensemble we should set a cutoff on energy in the inte-
gral form of the partition function (12). Obviously, the
thermodynamical quantities depend on such a cutoff.
But, as mentioned earlier, for a cutoff which is large
enough the pervious calculations of the thermodynam-
ical quantities in the positive temperature region are
approximately valid. For example, the dispersion re-
lation (8) may yield Ec ∼ L~mλ−3. It is easy to show
that by putting this cutoff in the integral form of the
partition function (12), for non-negative temperatures
since λ is very small, we have
lnZc(β) ≃ lnZ(β), (34)
where Zc denotes the partition function with cutoff. It
means that equations (19) and (20) are approximately
valid for positive temperatures. But there is an impor-
tant difference between two partition functions. In the
partition function Zc, it is possible to have a negative
value for β. A simple calculation shows that the inter-
nal energy is always a monotonically decreasing func-
tion of β and the entropy is a monotonically decreasing
function only for positive values of β and is a monotoni-
cally increasing function for negative values as expected
from the systems allowing negative temperatures.
Having relation (34) one can deduce that the rela-
tions (22) and (23) approximately determine the ther-
modynamic properties of the system for β ≃ 0. How-
ever, it is important to note that this remains valid for
both β & 0 and β . 0 since lnZc is an analytic function
of β. We can also determine the energy density and the
pressure of the system for β ≃ 0:
ρ(x) ≃ U(x)
V
≃ 4π
h3λ4
(
1
4
− 3π
16
x), (35)
P(x) ≃ 4π
h3λ4
(
π
16
1
x
− 1
4
+
3π
32
x). (36)
The energy density is always positive whether or not
the temperature is positive. But, the pressure is posi-
tive only if the temperature is positive and is negative
if the temperature is negative. Equation (36) is valid
only for β ≃ 0 but from equation (11) it is easy to see
that the pressure is always negative for all negative tem-
peratures. This is a novel and interesting consequence
of the generalized uncertainty principle. According to
equation (8), one can see that if the length of the box
L increases, the energy of each level decreases. Then
the question arises as how negative pressures can oc-
cur, whereas the energy of each level always decreases
with increasing the volume of the system. It should be
noted that increasing the volume of the system, how-
ever, increases the total number of accessible states and
at negative temperatures because of the Boltzmann fac-
tor e−βEn , it causes the density of occupied states to
increase near the cutoff. Thus, increasing the volume
of the system (with a constant entropy) can cause an
increase in the total internal energy which means that
the pressure is negative.
3 Removing the big bang singularity
To investigate the effects of the generalized uncertainty
principle (GUP) in the early universe two things have
to be taken into account. First, we have to con-
sider the change in the equations of state which is
the result of the effect of the GUP on the behavior
of the matter. Second, from equation (6) one can
see that the GUP influences the structure of space-
time because the space coordinates no longer remain
commuting variables. Actually, in the high energy
regime where the effect of the GUP becomes impor-
tant, the structure and the geometry of space-time can
not be described by a classical manifold and the Ein-
stein field equations. Thus, we need a complete quan-
tum theory of gravity. However, in the absence of such
theory, one can effectively consider the effect of the
GUP as a modification in the Einstein field equations.
Therefore, the GUP assumption can modify the Fried-
mann equations (Zhu, Ren, & Li 2009; Vakili 2008;
Majumder 2011; Bina, Atazadeh, & Jalalzadeh 2008;
Barbosa & Pinto-Neto 2004). One can consider this
modification as an effective consequence of the GUP on
the dynamics of the universe.
In this section, at the beginning, only the change in
the equations of state is taken into account. In other
words, for simplicity we naively assume the Friedmann
equations are valid in the presence of the GUP. We then
show that the consideration of the modified equation of
state can alone remove the big bang singularity which
usually appears in the solutions of the Friedmann equa-
tions in conventional cases. Finally, it will be shown
that this result is also valid when we consider the mod-
ified Friedmann equations as the effect of the GUP on
geometry.
Let us consider a reversible evolution with the case of
zero spatial curvature. Then the Friedmann equations
7may be written as1
(
a˙
a
)2 =
1
3
ρ, (37)
a¨
a
= −1
6
(ρ+ 3P), (38)
where a is the scale factor and dots denote derivatives
with respect to proper time. Instead of the second equa-
tion one may use the conservation equation
ρ˙+ 3
a˙
a
(ρ+ P) = 0. (39)
For an expanding universe, using equation (37) this
leads to
ρ˙+
√
3ρ(ρ+ P) = 0. (40)
If we substitute the equations of state (35) and (36) in
this equation then we have
x˙ =
√
π
3h3λ4
(1− 3π
4
x)
1
2 (
1
x
− 3
2
x). (41)
Note that this equation is valid only for x ≃ 0. Also it
is easy to see that these equations yield
a3(1 − 3
2
x2) = constant. (42)
This relation means that the entropy is constant (see
equation (23)) which is consistent with the assumption
of reversibility. The most interesting result of this rela-
tion is that the minimum value of the scale factor a is
greater than zero, in contrast to the conventional case.
The minimum of the scale factor occurs at infinite tem-
perature or x = 0, like the conventional case. But the
difference is that the term S/a3 does not tend to zero
as x → 0. This result is true even when we assume
negative temperatures and also in the case of non-zero
spatial curvature. Actually, this is a consequence of the
fact that the entropy in a constant volume is finite at
x = 0. Note that this result is not a trivial consequence
of the existence of a non-zero minimal uncertainty in
position measurements. For example, one can see that
the generalized Heisenberg algebra (2) cannot remove
the big bang singularity (Alexander & Magueijo 2001).
As it was mentioned earlier, the existence of a non-
zero minimal uncertainty in position measurements not
only changes the equations of state of matter but also
modifies the Friedmann equations. This modification
can be considered as an effective correction because in
1We set 8piG = 1.
case of modified Friedmann equations we assume the
background manifold as a classical manifold. In or-
der to modify the Friedmann equations due to the ef-
fect of the GUP one can employ different approaches.
For example, in (Vakili 2008) the author assumes that
the GUP deforms its corresponding Poisson algebra be-
tween the scale factor and its momentum conjugate in
the Friedmann-Robertson-Walker (FRW) universe. It
has been then shown that this affects the Friedmann
equations. Another approach can be based on the
fact that the GUP applies a correction on the conven-
tional entropy-area relation of the apparent horizon of
the FRW universe (Zhu, Ren, & Li 2009). In a FRW
space-time, assigning the temperature
T =
1
2πr˜A
(43)
and the entropy
S =
A
4G
(44)
to the apparent horizon and using the Clausius relation
δQ = TdS , one can obtain the Friedmann equations
(Cai & Kim 2005). Here G, A and r˜A are the grav-
itational constant, the area and the radius of the ap-
parent horizon, respectively. Therefore, applying this
method to the corrected entropy-area relation obtained
by the GUP assumption, one can modify the Fried-
mann equations (Zhu, Ren, & Li 2009). Now, we as-
sume that the modified Friedmann equations obtained
in (Zhu, Ren, & Li 2009) can effectively describe the
effect of the GUP on the dynamics of the FRW universe.
We do not deal with the details of the calculation and
only employ the results obtained in (Zhu, Ren, & Li
2009). For a (3 + 1)-dimensional FRW universe whose
line element is written as
ds2 = dt2 − a2( dr
2
1− kr2 + r
2dΩ2), (45)
the modified Friedmann equations is given by
(H˙ − k
a
)f(A) = −4πG(ρ+ P), (46)
8πG
3
ρ = −4π
∫
f(A)(
1
A
)2dA, (47)
where A = 4πr˜2A , H is the Hubble parameter and
f(A) is a function of A which is determined by the
generalized uncertainty relation. Using the line element
(45), the radius of the apparent horizon becomes
r˜A =
1√
H2 + k/a2
. (48)
8For the generalized uncertainty relation (3) the function
f(A) is given by
f(A) =
A
2π~λ2
(1−
√
1− 4π~
2λ2
A
). (49)
It is easy to see that when the parameter λ tends to zero
the modified Friedmann equations reduce to the con-
ventional Friedmann equations. Now, we claim that by
applying the modified equations of state (35) and (36)
to the modified Friedmann equations, we again obtain
the relation (42). Note that the modified Friedmann
equations with the relation (49) imply
ρ˙+ 3H(ρ+ P) = 0, (50)
which is the continuity equation of the perfect fluid.
This equation can be re-expressed as
d(ρV ) + PdV = 0 (51)
where V is the volume of the universe and is propor-
tional to a3. comparing this equation with the first law
of thermodynamics, one can deduce that the entropy
of the perfect fluid is a constant quantity which yields
the relation (42). As said before, this relation implies
that there is no singularity in the solution of the dy-
namical equations. Therefore, in accordance with the
above calculations one can argue that this result is in-
dependent of the dynamical equations of the universe.
In other words, the reversibility assumption which im-
plies a constant entropy with the modified equations of
state is enough to avoid the singularities.
It is important to point out that since the GUP is a
high energy effect and in this regime the effect of quan-
tum gravity should not be forgotten, to investigate the
ultimate fate of the big bang singularity a fully quan-
tized theory such as quantum cosmology is required.
But, this subject is out of the scope of this paper.
Another important thing to note here is that in the
negative temperature region there are some new so-
lutions for the Friedmann equations and the modified
Friedmann equations. For example, this makes it pos-
sible to have an expanding and accelerating solution
for equation (38). It means that the negative tempera-
ture consideration generally changes the history of the
universe. Thus, the existence of a non-zero minimal
uncertainty in position measurements with the assump-
tion of negative temperatures might open new ways to
study the early universe problems. The investigation of
the effects of these assumptions on the dynamics of the
universe remains a subject of further studies.
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